We derive the quantum kinetic theory for massive fermions in a background electromagnetic field from the Wigner-function approach. Since spin of massive fermions is a dynamical degree of freedom, the kinetic equations with the leading-order quantum corrections describe entangled dynamics of not only the vector-and axial-charge distributions but also of the spin polarization. Therefore, we obtain one scalar and one axial-vector kinetic equations with side-jump effects pertinent to the spin-orbit interaction. We show that our results smoothly reduce to the massless limit where the spin of massless fermions is no longer an independent dynamical degree of freedom but is enslaved by the chirality and momentum. Based on our kinetic equations, we discuss the anomalous currents transported by massive fermions in thermal equilibrium.
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Introduction.-Triggered by predictions of the chiral magnetic/vortical effect (CME/CVE) [1] [2] [3] , the transport of Weyl fermions is widely studied in recent years. In light of connections to quantum anomalies, those transport phenomena have attracted much attention in systems with quite different energy scales including relativistic heavy-ion collisions [4, 5] , Weyl semimetals [6] , and lepton transport in supernovae explosions [7, 8] .
To investigate such anomalous transport in out-ofequilibrium systems, the chiral kinetic theory (CKT) has been developed to capture the chiral anomaly effects [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] . Particularly, recent progresses constructed a robust bridge between the CKT and quantum field theory on the basis of the expansion applied to the Wigner functions, which allows for systematic derivation of the side-jump effects stemming from the spin-orbit coupling and collisions [17, 18] .
However, the CKT developed for massless fermions appears to have an issue in its connection to the existing quantum kinetic theory for massive fermions [26] [27] [28] [29] [30] . There are crucial differences between the massless and massive fermions as representations of the Lorentz symmetry. Whereas spin of Weyl fermion is enslaved by its momentum and is not an independent dynamical degree of freedom, spin of massive Dirac fermions is subject to dynamical effects. It is, thus, necessary to understand how the side jumps and magnetic-moment coupling in CKT are reduced from the dynamics of massive fermions to the massless limit.
In the aforementioned systems, mass effects will play sizeable roles. For example, the measurement of global polarization for Λ hyperons in heavy-ion collisions [31, 32] have triggered increasing studies upon the spinpolarization formation and angular momenta of relativistic fluids [33] [34] [35] [36] [37] [38] [39] [40] . Since the spin of Λ is mainly attributed to the strange-quark component, one may not treat them as massless fermions as compared to temperature of the quark-gluon plasma. In addition, the mass corrections upon the axial currents, generated by axial-CVE and chiral separation effect (CSE), has accordingly received further attentions [41, 42] . As for the astrophysical applications of the chiral-plasma instability [43] , a critical question was raised in the relaxation time of axial charge due to effects of electron mass [44, 45] . They remain open questions and will be important applications of the CKT with the mass correction, which can simultaneously trace the time evolution of the charge transport, chiral imbalance, and spin polarization.
In this letter, we apply the Wigner-function approach to derive the CKT with the mass correction, which we call the axial kinetic theory (AKT). We find a smooth reduction of our kinetic equations to the previous findings in the massless limit [17, 18] . As applications, we discuss the anomalous currents transported by massive fermions in a thermal equilibrium, which are important in heavyion and neutron-star physics.
Wigner functions and Master Equations.-We consider a massive Dirac field ψ which is, unlike a massless Dirac field, no longer decomposed into a pair of Weyl fermions. The Wigner transformation applied to quantum expectation values of correlation functions reads
where X = (x + y)/2 and Y = x − y. Here, S < (x, y) = ψ (y)ψ(x) and S > (x, y) = ψ(x)ψ(y) are lessor and greater propagators, respectively. Hereafter, we focus on S < (x, y). Note also that the gauge link is implicitly embedded and q µ thus represents the kinetic momentum. We then apply the decomposition based on the Clifford algebra [28] ,
where Σ µν = i[γ µ , γ ν ]/2 and γ 5 = iγ 0 γ 1 γ 2 γ 3 . The coefficients V µ and A µ contribute to the vector and axial charge currents, while S and P are related to quark and chiral condensates, respectively. The antisymmetric S µν is related to magnetization.
The lessor propagator obeys the Kadanoff-Baym equation [28, 29] ,
where m is the mass of the fermion,
with F µν being a background-field strength. For simplicity, we work in the regime where the collision effects are sufficiently weak and drop the lessor(greater) self-energy Σ <(>) . The Kadanoff-Baym equation can be written into 10 equations with 32 degrees of freedoms [28] . Three of them read
where
Therefore, one can choose either eight functions S, P, and S µν as a set of independent functions, or the other half V µ and A µ [46] . We choose the latter set and apply an expansion to the rest of equations, which results in
q · A = 0,
whereF µν = ǫ µναβ F αβ /2. We have retained the leadingorder quantum corrections, and removed one redundant 
. The zeroth-order solutions are immediately obtained from Eqs. (6)-(9) as
where f V /A (q, X) represent the vector/axial distribution functions. Here, a µ (q, X) satisfies q · a = q 2 − m 2 and corresponds to the (non-normalized) spin four vector. As shown below, we have a µ = q µ in the massless limit because the spin is enslaved by the momentum. However, a µ is a dynamical variable in the massive case which should be determined by the kinetic theory. Hence, we anticipate to derive the scalar kinetic equation (SKE) and axial-vector kinetic equation (AKE) governing the five dynamical degrees of freedoms f V /A and a µ , Plugging Eq. (11) into Eqs. (5) and (7), one ac-
The spin part is the renown Bargmann-Michel-Telegdi equation [47] .
For O( 1 ) solutions, we first focus on the vector part, which can be derived from Eqs. (5)- (7) . Similar to the massless case [17, 22] , Eqs. (6) and (7) determine the modification of the dispersion relation and the side-jump term, respectively. Accordingly, we find
where δ ′ (q 2 − m 2 ) ≡ dδ(q 2 − m 2 )/dq 2 , and n µ (X) corresponds to a local frame vector specifying the spin basis. When m = 0 and a µ = q µ , G µ reduces to the side-jump term for massless fermions [15, 17] . Inserting Eqs. (11)-(13) into Eq. (5) yields SKE up to O( 1 ),
where E µ = n ν F µν , B µ = 1 2 ǫ µναβ n ν F αβ , and
is the spin tensor. When m = 0 and a µ = q µ , the second line in Eq. (14) vanishes and the first line reproduces the CKT in the massless case [17, 18, 22] . However, unlike the vector part, Eqs. (8) and (9) only lead to the modified dispersion relation and do not uniquely fix the side-jump term. We thus obtain
with an undetermined side-jump term H µ up to a constraint δ(q 2 −m 2 )q·H = 0 at the on-shell. While Eq. (10) yields the AKE, we do not find any quantum correction when H µ = 0 and F µν = 0. In order to find the side-jump term for A µ 1 , we will implement an alternative method by constructing Wigner functions directly through the second quantization of free Dirac fields as examined in the massless case [17] . The quantized free Dirac field reads [48] ψ
where E p = |p| 2 + m 2 and we drop anti-fermions for simplicity. We have the annihilation (creation) operators a s( †) p and the wave function u s (p) = ( √ p · σξ s , √ p ·σξ s ) T with s and ξ s being spin indices and a two component spinor, respectively. Here, σ µ andσ µ are four dimensional Pauli matrices, which satisfy σ µσν + σ νσµ = σ µ σ ν +σ ν σ µ = 2η µν , with the Minkowski matrix η µν . The lessor propagator then takes the form
where p µ ± = (p ± p ′ ) µ and inv dp = d 3 p/[(2π) 3 2E p ]. The Wigner transformation of the density operator can be written as
where A ss ′ (X, q) = 0 when s = s ′ . We parametrize the results of spin sum as s ξ s ξ † s = n ·σ = I and s,s ′ ξ s A ss ′ ξ † s ′ =Ŝ ·σ such thatŜ · n = 0. Inserting Eq. (19) back to Eq. (18), we get (V/A) µ in terms of f V /A . The explicit forms up to O( 1 ) are given by
Note that we have identified the present parametrizations to the previous ones as
a · n = −Ŝ · q, a ⊥µ = −Ŝ ·· n + m q ⊥µ + mŜ µ , (23) where the subscripts ⊥ denote the components perpendicular to n µ , i.e., v µ ⊥ ≡ v µ − (v · n)n µ for a vector v µ . We also introduced the following tensor:
The V µ 1 in Eqs. (20) and (12) agree with each other when F µν = 0. Note that the previous constraint q·a = q 2 −m 2 is satisfied if we take −Ŝ·q = q·n+m, which impliesŜ µ = q µ ⊥ /(q · n) when m = 0. Thus, (a · n)/(2q · n) is identified with the helicity in the massless limit. One may further decompose the spin vector as a µ = q µ + m(n µ +Ŝ µ ) and reach the second equality in Eq. (24).
In Eq. (21), one can read off the side-jump term [49] H
We generalize the derivative operator to include a background field in analogy to the massless case [17] , and find that A µ has a symmetric form with V µ under interchanges q µ ↔ a µ and f V ↔ f A . In Eq. (21), one could absorb H µ by a redefinitionā µ f A ≡ a µ f A + H µ . The freedom of such a redefinition reveals itself as the nonuniqueness of the side-jump term as we saw when solving the master equations (8) and (9) for A µ , and could occur in the massive case since a µ is a dynamical variable to be determined by the kinetic theory. However, it is crucial to explicitly separate the side-jump term H µ from a µ in order to see a smooth reduction to the CKT where a µ is no longer an independent dynamical variable and is enslaved by q µ . The H µ is also important for including the spin-orbit interaction. Then, plugging Eqs. (11) and (16) into Eq. (10) and carrying out straightforward arrangements, we derive the AKE as
Taking the massless limit m → 0, one immediately finds that a µ = q µ from Eq. (26) and the full equation reduces to the CKT in Ref. [18] multiplied by q µ , which manifests the spin alignment along the momentum. In contrast, when m = 0, the background field and the derivative of local frame vector engender nontrivial spin force. When solving kinetic equations (14) and (26), we need to handle the terms proportional to δ ′ (q 2 − m 2 ). All these terms can be arranged with the LO kinetic theory shown below Eq.
. Then, all the delta functions can be factored out from the CKTs.
From the solutions of CKTs, one can get the vector/axial currents and the symmetric/antisymmetric parts of the canonical energy-momentum tensor [50] ,
where q ≡ d 4 q/(2π) 4 . Angular-momentum conservation arises from Eq. (7) as discussed in the massless case [37] , and T µν A is responsible for angular-momentum transfer (see Ref. [40] and references therein). As an example, we consider the non-relativistic limit with constant n µ and E µ . By approximating q µ ≈ mn µ , Eq. (26) yields n · ∆ a µ f A − ǫ µναβ E α n β ∂ qν (f V /4) ≈ 0 after dropping the sub-leading terms in m and arranging the delta functions with the aforementioned strategy. Then, we find a spin-Hall current in the stationary state
Anomalous transport in thermal equilibrium.-As an application, we discuss the mass effects on the anomalous transport in global equilibrium, and compare our conclusions from the SKE and AKE with those from the Kubo formula calculations.
While collisionless kinetic equations do not uniquely determine equilibrium WFs [18] , we may construct equilibrium WFs motivated by the following considerations. For the vector charges, we may naturally take the Fermi distribution function f V eq = f 0 (q·u−µ V ) = 1/ exp(β(q· u−µ V ))+1 , where β = 1/T and µ V are the inverse temperature and vector chemical potential, respectively. On the other hand, the axial charge should be damped out as t → ∞ when m = 0 because of the scattering. Thus, f Aeq may be at most O( 1 ) induced by the vorticity correction. Referring to the massless case [16, 18] , we also expect that A µ eq does not have an explicit dependence on n µ . Thus we propose an equilibrium Wigner function in a constant magnetic field and vorticity
where the fluid vorticity is defined as ω µ ≡ ǫ µναβ u ν (∂ α u β )/2. The equilibrium A µ eq takes the same form as the one for massless fermions except for the onshell condition [18] , and was also proposed for massive fermion [35] which satisfies the master equations.
The equilibrium Wigner functions (29) and (30) 
with g B = 1, g ω = (2E 2 q − m 2 )/E q , and f
The above results agree with those derived from the Kubo formula with thermal correlators [42] . Similar to the massless case [15, 16, 18] , a part of the axial-CVE comes from the side-jump term which can be identified by comparing A µ eq with the general form (21) . When m = 0, the other parts come from the polarization of a µ as well as the vorticity correction on 
The corresponding spin polarization is given byŜ µ eq = −ω µ (q · u + m)/(q · ω) in a co-moving frame n µ = u µ .
Finally, since f Aeq = O( 1 ), we conclude that the CME and vector-CVE vanish in an equilibrium when m = 0. On the other hand, it was shown by the thermal field theoretical calculation that the CME in an equilibrium receives no mass correction [51, 52] . However, the axial chemical potential µ 5 is not a static quantity in the massive case, and the thermal field theory with a constant µ 5 does not correctly capture its dynamics. The thermal field theoretical calculation may work only under certain caveats on the existence of µ 5 , and there are no equilibrium currents in a strict thermal equilibrium at µ 5 = 0.
Conclusions and outlook.-In this work, we developed the quantum kinetic theory for massive fermions, which provides a theoretical framework for describing the coupled dynamics among spin and the vector and axial charges. Moreover, we have constructed a bridge on the longstanding gap between the CKT and axial kinetic theory. In the future, we will include collision effects to investigate their relaxation dynamics. It is feasible with an extension of the collision terms developed in the massless limit [17] [18] [19] , and with deeper understandings and techniques for massive fermions obtained in this work.
Note added.-While completing our work in this letter, we note the relevant works in Refs. [53, 54] . However, our result is distinct from theirs, which instead have some caveats for reproducing the CKT.
